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Abstract 
The main features of the Virtual Fields Method, which is aimed at retrieving constitutive parameters from 
full-field measurements, are given in this paper.  This method is based on the principle of virtual work 
which is recalled here. The different aspects of the procedure are then briefly explored, notably the choice 
of the virtual fields and the different types of constitutive equations that can be considered with this 
identification technique. 
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1. Introduction 
Identifying the parameters governing the constitutive equations of structural materials is a key issue in 
experimental solid mechanics. It generally consists in performing some simple mechanical tests such as 
tensile tests. In this case, the closed-form solution for the corresponding mechanical problem provides a direct 
link between unknown parameters, measurements which are usually some local strain components, and the 
amplitude of the applied load. Such a classic approach suffers however some drawbacks which are mainly 
due to the fact that the assumption of homogeneous stress/strain field under which this link is obtained is 
questionable in certain cases, for instance when heterogeneous or anisotropic materials are tested. Only a 
limited number of parameters can be determined for each test with this classic approach, thus generally 
leading to perform several tests if the constitutive equations depend on several parameters.  
These drawbacks have led several authors to consider alternative approaches directly based on the 
processing of heterogeneous strain fields. If the test is well designed, the applied load gives rise to a 
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heterogeneous strain field which involves the whole set of constitutive parameters. Their simultaneous 
identification is therefore possible if the heterogeneous field is measured with a suitable whole-field 
measurement technique and if a robust identification strategy suitable for extracting the parameters from this 
type of measurements is available. Consequently, compared to classic identification procedures, processing 
heterogeneous strain fields for constitutive parameters identification purposes does potentially not require  
several tests. 
It must however be emphasized that in this case, no direct link generally exists between the quantities, 
which are a priori known or measured (viz. amplitude of the applied load, geometry of the specimen, 
displacements or strain fields on the surface of the specimen) and the sought parameters. Developing suitable 
numerical strategy to solve this problem has recently become an attractive issue in the solid mechanics 
community. Various strategies have been proposed such as finite element model updating, the constitutive 
gap method, the reciprocity gap method, the equilibrium gap method and the virtual fields method. Their 
main features are listed in Ref. [1] 
The first two techniques are in fact derived from a classic problem in solid mechanics: finding the 
displacement, strain and stress components throughout a solid of given shape assuming that the load and the 
constitutive equations are known. With the finite element model updating technique, the idea is to construct a 
cost function involving the difference between experimental and numerical data and to minimize this 
difference with respect to the constitutive parameters. This procedure is iterative by essence. The second 
technique is based on the constitutive gap first introduced in Ref. [2] to assess the quality of finite element 
models. It can be shown that one can also retrieve constitutive parameters using this approach. Similarly to 
the preceding technique, the sought parameters are found by minimizing a cost function constructed with this  
constitutive gap.  
The third technique is based on the well-known Maxwell-Betti or reciprocity theorem. Most applications 
deal with hidden crack identification, but the technique is theoretically applicable to retrieve constitutive 
parameters governing elastic linear constitutive equations [3]. 
The last two techniques were specifically developed for parameter identification from full-field 
measurements. They are directly based on basic equations of continuum mechanics: the equations of 
equilibrium. With the equilibrium gap method, these equations of equilibrium are considered with their strong 
form [4]. This leads to consider the equilibrium of small elements used for meshing the specimen under tests 
and to find constitutive parameters, which leads this equilibrium to be satisfied. With the virtual fields 
method, the idea is to use the weak form of the equations of equilibrium, namely the principle of virtual fields. 
The main features of this identification technique are described below along with some examples recently 
addressed.
2. The Virtual Fields Method: how it works 
The virtual fields method is based on the principle of virtual work, which can be written as follows if 
volume forces are assumed to be null [5] 
³³³  
VSV
dV*u.dS*u.TdV*:
f
UJHV *u KA (1)
where V is the volume of the specimen, Sf is the surface onto which traction denoted T is applied, U is the 
mass per volume unit, J is the acceleration, V is the actual stress field, u* (H*) is the virtual displacement 
field (the strain field, respectively).  
Since measurements are generally performed on the external surface only, it is necessary to assume 
that the through-thickness strain distribution is known. One can for instance assume that it is constant 
(e.g. with in-plane loading and thin specimens) or linear through the thickness (e.g. with thin bent plates). 
Such assumptions constitute a limitation of the present identification approach compared to finite element 
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model updating, for which measurements performed on the external surface may be sufficient. Assuming 
plane stress conditions, the above equation can be expressed per unit thickness as follows 
³³³  
SLS
dS*u.dl*u.TdS*:
f
UJHV *u KA (2)
A very important property of the principle of virtual work is the fact that it is satisfied for any 
kinematically admissible (KA) virtual field u*. The VFM takes full advantage of this peculiar property, 
since it consists in writing this equation with several particular KA virtual fields. Each new virtual field 
provides a new equation and the set of equations obtained with different virtual fields finally provides the 
sought parameters. Giving all the details that characterize the VFM is out of reach in the current paper. 
Refs. [6] and mainly [7] are specifically devoted to this objective. In the current paper, only the main 
features of this identification technique can reasonably be given and illustrated through some relevant 
references, where some examples are completely described.  This is made below by discussing separately 
the different quantities involved in Equation (1) above.  
3. Main features of the virtual fields method 
3.1. Virtual works 
Three integrals are involved in Equation (2). The first one is the virtual work of internal forces. It 
involves two fields: the stress field V that actually takes place in the specimen under test and a virtual 
strain field H* derived from any KA displacement field u*. The second integral is the virtual work of the 
external forces and the last one the virtual work of acceleration quantities. Depending on the application, 
only one of the last two integrals generally exists in a given application: either the virtual work of external 
forces or the virtual work of acceleration quantities. The idea is to balance with one non-null quantity the 
virtual work of internal forces, where the sought constitutive parameters are involved, thus leading to an 
equation for each new KA virtual field. In statics, a given load is applied and the second integral is 
generally not null. On the other hand, J is null and the last integral disappears. In dynamics, this last 
integral must be computed. Two cases can potentially occur: either free vibrations are considered and the 
second integral is null, or forced vibrations are considered. In this last case, the virtual displacement field 
is generally chosen in such a way that applied forces do not provide any virtual work, so only the virtual 
work of acceleration quantities balances the virtual work of internal forces. 
3.2. Constitutive equations 
In any case, the stress field V can be expressed as a function of the actual strain field H
),C(f HV  (3)
where f is a function modelling the constitutive equations. The sought constitutive parameters gathered in 
C as well as the actual strain field H are involved in this function. H is assumed here to be known thanks to 
full-field measurements. In practice, this quantity is generally deduced from the displacement field u by 
numerical differentiation because u is the raw quantity provided by most of the full-field non-contact 
measurement techniques.  
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3.3. Linear case 
Interestingly, f is a linear function of the sought parameters in the case of linear elasticity. 
Consequently, assuming the virtual strain field H* is known a priori, the virtual work of internal forces in 
Equation (2) above is a linear function of the sought parameters gathered in C. As already mentioned 
above, since the principle of virtual work is satisfied for any KA virtual field, the idea is to write Equation 
(2) with several virtual fields, at least as many as unknowns. If the virtual work of internal forces is 
balanced with either the virtual work of external forces or the virtual work of acceleration quantities (see 
Section 3.1. above), each virtual field provides a non-homogeneous linear equation (the right-hand part of 
the equality of the linear system is not null) where the constitutive parameters are unknown. A 
homogeneous state of strain enables us to retrieve three parameters at most with this approach (because 
there are three in-plane strain components), but it can be shown that if the state of strain is heterogeneous, 
more than three parameters can be found from one test only. This is especially interesting for anisotropic 
materials, for which more than three independent constitutive parameters are necessary to completely 
describe the mechanical response, even in linear elasticity. Interestingly, since the virtual work of internal 
forces in Equation (2) above can be balanced with either the virtual work of external forces or the virtual 
work of acceleration quantities, it means that either static or dynamic tests can be performed with this 
approach, see for instance Refs. [8] and [9], respectively. One of the interests of dynamic tests is that 
complex moduli can also be identified, as shown in Ref. [10] for instance.  
Finally, it can be said that the procedure described here for small deformations can also be extended 
for large deformations. The obtained equations are slightly more complicated because of the geometric 
non-linearity, but they are still linear with respect to the constitutive parameters if the constitutive model 
is a linear function of these parameters, like in the case of the Mooney law for hyperelastic materials for 
instance. A typical application is shown in Ref. [11] for rubber. 
3.4. Non-linear case 
f becomes non-linear with respect to the constitutive parameters in many situations such as elasto-
plasticity. In this case, the virtual work of internal forces in Equation (2) above is not a linear function of 
the sought parameters anymore. Consequently, the equation derived from the principle of virtual work is 
non-linear with respect to these parameters. Choosing several virtual displacement fields leads to a non-
linear system which can be solved with usual numerical strategies. Another consequence is that 
identification is not direct in this case, but indirect, and iterative calculations are therefore required. An 
important remark is that solving the classic problem of finding the stress, displacement and strain fields 
assuming that the boundary conditions, the geometry, the load and the constitutive equations are known is 
not necessary (contrary to the finite element model updating technique). Hence the problem remains 
rather easy and rapid to solve. The procedure used for solving this problem is described in [12] and [13] 
for instance.  
3.5. Homogeneous/heterogeneous materials 
Both homogeneous and heterogeneous materials can be considered with this approach. In the former 
case, the integral involved in the virtual work of internal forces is calculated with the same constitutive 
parameters over the whole specimen. In the latter case, integration is merely performed by sub-domains, 
over which the material can be considered as homogeneous. This approach is suitable for inclusions for 
instance. Another possibility is to spatially parameterize the sough parameters with a polynomial for 
instance, and to determine the coefficients of this polynomial exactly with the same procedures as those 
described above for both the linear and the non-linear case. This latter case is exemplified in Ref. [14] in 
case of damaged composite plates. 
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3.6. Choosing the virtual fields 
A particular aspect of the principle of virtual work is that it is satisfied for an infinity of virtual 
displacement fields. Choosing the virtual fields in the procedure described above has been performed 
empirically at the beginning of the use of the virtual field method. In the linear case, a first improvement 
consists in choosing the virtual fields in such way that the conditioning of the linear system providing the 
sought parameters is optimal, in other words that the matrix of the linear system described in Section 3.3. 
is equal to the unit matrix [15] in order to improve the conditioning of this matrix. A second improvement 
consists in choosing the virtual displacement fields in such a way that the influence of the unavoidable 
measurement noise on identified parameters is minimized [16]. An important result shown in [16] in the 
case of linearity is that for a given basis of functions chosen for expanding the virtual fields, the virtual 
field that minimizes the influence of noise is unique for each of the sought parameters. Such virtual fields 
are obtained by solving a minimization problem for which the cost function exhibits a unique minimum. 
Finding the coefficients of each of these optimized virtual fields (one per unknown constitutive 
parameter) in the basis of functions is iterative because the problem is shown to be implicit. Convergence 
is however very fast (two or three iterations in practice) [16]. A similar approach can be applied when f is 
non-linear, as recently shown in [13] in the case of elasto-plasticity.   
Finally, it must be pointed out that virtual fields are C0 functions. The easiest way to define these 
functions is to employ the same expression over the whole specimen with polynomials for instance. It has 
been shown that using virtual fields defined over elements (like in the finite element method) leads to 
results which are less sensitive to noise. This is due to the lowest degree of the polynomials which are 
used in this case [17], This procedure also gives much more freedom to define the virtual fields. Figure 1-
b shows an example of virtual deflection field which can be used to identify the bending stiffness along 
direction y of a square composite plate subjected to three localized normal forces. This test is depicted in 
Figure 1-a. The virtual deflection shown here minimizes the effect of noise on the identified parameter. 
a- Loading configuration    b-  Example of optimized virtual field 
Figure 1. Example of virtual field used to identify the bending stiffness of a square plate along 
direction x [17]. 
As can be easily guessed, the shape of the virtual field is different of the actual one and it cannot be 
found a priori. It has been found using the procedure described in [16], so the influence of noise on the 
identified parameter is minimum with such a virtual field. 
The Virtual Fields Method has been used for characterizing various types of materials during the last 
twenty years. The reader interested in having an overview on these applications will find numerous 
examples in [7]. 
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4. Conclusion 
The Virtual Fields Method is one of the identification techniques available to identify constitutive 
parameters from heterogeneous strain fields measured with suitable full-field measurement techniques. It 
is merely based on the equilibrium written with its weak form: the principle of virtual work, in which 
particular virtual fields are chosen. This procedure has been successfully applied in various cases of 
materials in the recent past, thus illustrating its relevancy.  
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